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Up to categorical equivalence, MV-algebras are unit intervals of abelian lattice-
 .ordered groups for short, l-groups with strong unit. While the property of being a
strong unit is not even definable in first-order logic, MV-algebras are definable by
a few simple equations. Accordingly, such notions as ideals and coproducts are
definable for any MV-algebra A as particular cases of the general algebraic
notions. The radical Rad A is the intersection of all maximal ideals of A. An
MV-algebra A is said to be local iff it has a unique maximal ideal. Then, by
Hoelder's theorem, the quotient ArRad A is isomorphic to a subalgebra of the
w xreal unit interval 0, 1 . Using nonstandard real numbers we give a concrete
representation of those totally ordered MV-algebras A which are isomorphic to
 :the coproduct of ArRad A and Rad A , the latter denoting the subalgebra of A
generated by its radical. As an application, using several categorical equivalences
we describe the MV-algebraic counterparts of Riesz spaces, also known as vector
lattices. Q 1996 Academic Press, Inc.
INTRODUCTION
 .An MV-algebra A s A, [ , (, *, 0, 1 is an algebraic structure satisfy-
 .  .ing the following identities: x( y( z s x( y ( z, x( y s y( x, x(0 s 0,
 .  .  .x(1 s x, 0* s 1, 1* s 0, x*( y *( y s y*( x *( x, x [ y s x*( y* *.
w xIn 13 it is shown that these identities are equivalent to Chang's original
identities. In that paper the author established a categorical equivalence G
 .between the category A of abelian l-groups for short, l-groups with
distinguished strong unit and unit-preserving l-homomorphisms, and the
category M of Chang's MV-algebras and MV-homomorphisms. As proved
w xin 14 the category M has coproducts. For every abelian l-group G with a
605
0021-8693r96 $18.00
Copyright Q 1996 by Academic Press, Inc.
All rights of reproduction in any form reserved.
DI NOLA AND LETTIERI606
 .distinguished strong unit g, the structure G G, g is the MV-algebra
w x .A s 0, g , [ , (, *, 0, g equipped with the following operations: x [ y s
 .  .g n x q y , x( y s 0 k x q y y g , x* s g y x for all x, y in the unit
w xinterval 0, g of G. This paper is concerned with certain subclasses of A ,
for which we give a characterization of the corresponding subclasses of M
under the application of the functor G.
Our main aim in this paper is to investigate those abelian l-groups, with
strong unit, having the form H s R9IG, where I is the group direct sum
w xwith lexicographic order from the left 11 , R9 is a subgroup of the additive
group R of real numbers, and G is an arbitrary abelian l-group. Let us
 .equip H with the strong unit 1, 0 . As proved in Theorem 3.1, the class of
l-groups with strong unit given by this construction corresponds, via G, to
the class of MV-algebras having the form S@ P, where S is a subalgebra
w x  .of the real unit interval 0, 1 s G R, 1 and P is a perfect MV-algebra
which is well-behaved with respect to the coproduct operation @. As
a consequence we have a concrete representation of totally ordered MV-
algebras with retractive radical. In Section 4 we introduce the category
of Riesz MV-algebras and establish a categorical isomorphism between
this category and the category of Riesz spaces. We recall that a Riesz
 w x.space also called a ¨ector lattice 3 is an abelian l-group which is a vector
space over the real numbers, and such that multiplication by positive
real numbers preserves the ordering.
1. PRELIMINARIES
w xWe refer to 4, 12, 5, 6 for background on universal algebra, category
theory, and MV-algebras, respectively. We shall denote by Rad A the
intersection of the maximal ideals of the MV-algebra A. The order of an
element x of A, in symbols ord x, is the least integer n such that nx s 1.
If no such integer n exists then ord x s `. Furthermore we shall denote by
  4 4ord A the supremum of the set n ¬ there exists x g A y 0 ¬ ord x s n
 .and by rank A s ord ArRad A . If B is a subset of A, we shall denote by
 :B the subalgebra of A generated by B. If H is an ideal of an
MV-algebra A, then the congruence class of an element x of A shall be
 .denoted by xrH or, sometimes, by x mod ? H . We shall adopt the usual
conventions for MV-terms: thus the operation * is more binding than all
the other operations, and ( is more binding than q, while ( and * are
more binding than the operations k and n. Further, we shall usually omit
the symbol (.
1.1. DEFINITION. An MV-algebra A is called local iff for every x in A
we either have ord x - ` or ord x* - `.
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1.2. DEFINITION. An MV-algebra A is called perfect iff for every
x g A exactly one of x and x* is of finite order.
w xAs explained in 10 , every perfect MV-algebra A is canonically associ-
 .ated with an abelian l-group D A by the following construction: let the
 .  .congruence q : Rad A = Rad A be defined by x, y q x9, y9 iff x [
w x  .y9 s x9 [ y. Let x, y denote the q-equivalence class of x, y . There will
never be any danger of confusion with our notation for unit intervals in
w x w x wl-groups. For every x, y, x9, y9 g Rad A, let x, y q x9, y9 s x [ x9,
x  .  . .y [ y9 . The structure D A s Rad A = Rad A rq , q, F is an abelian
l-group. For each homomorphism f from A to A9, the homomorphism
 .  .  .   ..w x. w  .  .xD f from D A to D A9 is defined by D f x, y s f x , f y .
 .Conversely, if G is an abelian l-group, then the MV-algebra G G s
  .. y1G ZIG, 1, 0 is associated with G by the functor G s D .
1.3. DEFINITION. An ideal H of an MV-algebra A is called retracti¨ e
iff there is a homomorphism h: ArH ª A such that p ( h is the identityH
map of ArH, where p is the canonical projection from A to ArH. TheH
homomorphism h is said to be a section of p .H
w x1.4. DEFINITION 8 . Let A be an MV-algebra and H be an ideal of A.
 .A subset T of A is called a trans¨ ersal for ArH in A iff T l xrH is a
singleton for every x g A.
1.5. DEFINITION. An element a of an MV-algebra is called finite if
ord a - ` and ord a* - `.
1.6. LEMMA. Let A be an MV-algebra and H be an ideal of A. Then the
following are equi¨ alent:
 .i xrH s yrH
 .  .ii x s y [ h k* for some h, k g H.
 .Proof. Assume i . Then x*y g H and xy* g H. Let k s x*y and
h s xy*. Then k [ x s x k y and h [ y s x k y, i.e., k [ x s h [ y. This
 . implies k* n x s k* h [ y . Since k* s x [ y* G x we have x s k* h [
.  .  .  . y , whence ii is proved. Assume, now, ii . Then xrH s krH * hrH [
.  .  .yrH s 0rH * 0rH [ yrH s yrH.
1.7. LEMMA. Let A be an MV-algebra and a g A. If a is a finite element
of A, then we ha¨e:
 .i « - a - «* for e¨ery « g Rad A
 .ii a«* is a finite element of A for e¨ery « g Rad A
 .  .iii s - t * a [ « for e¨ery « , s , t g Rad A
 .  .  .iv a [ « t * s at * [ « for e¨ery « , t g Rad A
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 .v «*t * s a«* [ a*t * for e¨ery « , t g Rad A.
 .Proof. Set ord a s n. To prove i observe that, for every « g Rad A,
 .n « n a s n« implies « n a s « , i.e., « - a. In a similar way we can
 .prove that « - a*, so « - a - «*. To prove ii , from Lemma 1.6 we have
 .  .  .  .a ' a«* mod ? Rad A . Hence n a«* g Rad A *, i.e., ord a«* F 2n -
 .  .`. Since ord a* [ « F ord a* - `, a«* is a finite element of A. Part
 .  .  .  .iii can be proved by an application of i and ii . Furthermore, from i
 .  .  .  .and iii we have a [ « t * s at * [ t [ « t * s at * [ « n t * s at *
 .  .  .[ « , which settles iv . To prove v we start with iv and obtain the
following implications:
a [ « t * s at * [ « .  .
ª a [ « * [ a [ « t *«* s a [ « * [ at * [ « «* .  .  .  .
ª a [ « * k t *«* s a*«* [ «* n at * .  .
ª t *«* s at * [ a*«*.
1.8. LEMMA. Let A be an MV-algebra, « , h, s , t g Rad A, and b a
finite element of A. Then the following are equi¨ alent:
 .i bh* [ « s bt * [ s
 .ii « [ t s h [ s .
 .  .  .Proof. i ª ii . Part i implies bh* [ « [ h [ t s bt * [ s [ h [ t .
 .  .From i of Lemma 1.7, b [ « [ t s b [ s [ h and « [ t s s [ « . ii
 .  .  .ª i . From ii , b [ « [ t s b [ h [ s , by i of Lemma 1.7, we have
bh* [ h [ « [ t s bt * [ t [ h [ s , i.e., bh* [ « s bt * [ s .
1.9. LEMMA. Let A be an MV-algebra, « , h, s , t g Rad A, and a, b be
finite elements of A such that also a [ b is a finite element. Then x s a [
.  .  . .« h* and y s b [ s t * imply x [ y s a [ b [ « [ s h [ t *.
Proof. Using Lemmas 1.7 and 1.8, we have the following implications:
a k h [ b k t s a [ b k h [ t .  .  .  .
ª ah* [ h [ bt * [ t s a [ b h*t * [ h [ t .
ª h [ t * h [ t [ ah* [ bt * .  .
s h [ t * h [ t [ a [ b h*t * .  . .
ª h [ t * n ah* [ bt * .  .
s h [ t * n a [ b h*t * .  .
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ª ah* [ bt * s a [ b h*t * .
ª « [ s [ ah* [ bt * s s [ « [ a [ b h*t * .
ª a [ « h* [ b [ s t * .  .
s a [ b [ s [ « h [ t *. .  .
1.10. LEMMA. Let A be a local MV-algebra. Then for e¨ery x, y g A such
 .that x k y mod ? Rad A , either x F y or y F x.
Proof. By hypothesis we either have x*y f Rad A or xy* f Rad A. In
 . wthe first case, since A is local, then we have ord x*y - ` and then by 5,
xTheorem 3.8 , x* [ y s 1, i.e., x F y. In the second case, from xy* f
Rad A we similarly obtain y F x.
2. LOCAL ALGEBRAS WITH A GOOD TRANSVERSAL
w xLet A be a local MV-algebra, A9 be the subalgebra of 0, 1 isomorphic
w xto ArRad A. By 7, Theorem 2.4.14 there is a unique isomorphism c
from ArRad A to A9. Let Y : A be a transversal for ArRad A in A.
y1 .With the above notations, for every r g A9 let y s y l c r . Then wer
 .call Y a good trans¨ ersal for ArRad A in A iff for every r, s g A9 such
that r q s F 1 we have yU s y [ yU .r s rqs
2.1. PROPOSITION. Let A be a local MV-algebra and Y a good trans¨ ersal.
Then Y satisfies the following properties:
 .j Y is totally ordered
 . U Ujj y s y [ y for e¨ery t g A9t 1yt 1
 .jjj y s y [ y for e¨ery r, s g A9 such that r q s F 1rqs r s
 . w xjv for e¨ery x g A _ Rad A, there are « , h g Rad A and r g 0, 1
 . y1 .such that x s y [ « h*, with xrRad A s y rRad A s c r , where c isr r
w xthe unique isomorphism from ArRad A into 0, 1 and A9 is the subalgebra of
w x0, 1 isomorphic to ArRad A.
 .  .Proof. Part j follows from Lemma 1.10. Part jj follows from the
definition of good transversal, setting r s t and s s 1 y t, respectively. To
 . Uprove jjj , again by definition we get y F y [ y s y y [ y s y krqs r s s rqs s s
 .  .y s y , i.e., jjj . Part jv follows from Lemma 1.6.rqs rqs
2.2. THEOREM. Let A be a local MV-algebra and Y a good trans¨ ersal.
Then there is a subgroup R9 or R, together with an abelian l-group G such
  ..that A is isomorphic to G R9IG, 1, g for some g g G.
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y1 .Proof. Let R9 be the subgroup of R isomorphic to G ArRad A and
 :.   ..G s D Rad A . Consider the MV-algebra A9 s G R9IG, 1, g with
w U xg s y , 0 . We shall prove that A is isomorphic to A9. Define the map w :1
 .  w x.A ª A9 as follows: if x g Rad A then w x s 0, x, 0 ; if x g A _
 :  .   . w x.  w x.Rad A then w x s c xrRad A , « , h s r, « , h , where x ' yr
 .  .mod ? Rad A , x s y [ « h*, c is the isomorphism from ArRad A tor
 .  .  .  w U x.G R9, 1 , and « , h g Rad A; if x g Rad A * then w x s 1, y , x* .1
 .From Proposition 2.1 jv and Lemma 1.8 it follows that w is well defined.
 .  .Further, w is a one-one map of A into A9, w 0 s 0, and w 1 s 1.
Claim 1. w preserves the * operation.
 :  .   ..If x g Rad A , then a direct inspection shows that w x* s w x *.
 :  .  . Let x g A _ Rad A , r s c xrRad A s c y rRad A and x s y [r r
.  .  .« h*. Then, using jj , and jv of Proposition 2.1 we have
w U x w x w U xw x * s 1, y , 0 y r , « , h s 1 y r , y [ h , « s w x* . .  . .  . .  .1 1
Claim 2. w preserves [.
 .In either case, for every x, z g Rad A or x, z g Rad A *, Claim 2
 :becomes trivial. Now let x g Rad A, z g A _ Rad A , and r s
 .  .  .c zrRad A s c y rRad A . Then using jv of Proposition 2.1 we canr
 .write z s y [ « h* with « , h g Rad A and verify the claim by a directr
 .  .  w x.calculation. If x g Rad A and z g Rad A * then w x s 0, x, 0 ,
 .  w U x.  .  w U x.w z s 1, y , z* and w x [ z s 1, y , x*z* . An easy computation1 1
 .  .  w U  . x.  .  wyields w x [ w z s 1, y [ x n z* , z* and w x [ z s 1, x [1
U x. U  .  . Uy , x k z* . Thus, observing that y [ x n z* [ x k z* s y [ x [ z*1 1 1
 .  .  .we can say that w x [ w z s w x [ z . Furthermore, if x g A _
 :  .  .  .Rad A and z g Rad A *, then it is easy to verify that w x [ w z s 1.
Now assume both x and z to be members of A but not of Rad A. By
 .  .  .Proposition 2.1 jv we can write x s y [ « h* and z s y [ s t * withr s
x w« , h, s , t g Rad A and r, s g 0, 1 . If r q s - 1 the claim is proved using
 .  .Lemma 1.9. If r q s ) 1, by definition of w we have w x [ w z s 1,
 .furthermore z* - x, i.e., x [ z s 1, so w x [ z s 1. If r q s s 1, then
 .  .  w U x.  w .x [ z g Rad A * and w x [ z s 1, y , x*z* s 1, « [ s n1
U . x.  .  .y [ h [ t , h [ t s w x [ w z .1
2.3. THEOREM. Let A be a local MV-algebra such that Rad A is retrac-
ti¨ e, and let B be the only subalgebra of A isomorphic to ArRad A. Then B is
a good trans¨ ersal.
 .Proof. Trivially, B is a transversal for ArRad A in A . Let A9 be the
w xunique subalgebra of 0, 1 isomorphic to B and c the unique isomor-
y1 .phism from B to A9. Set b s c r l B for every r g A9. If r, s arer
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elements of A9 such that r q s F 1, then b [ bU s b [ bU bU s b ks rqs s r s s
U Ub s b k b s b s b . This completes the proof.r s 1yr 1yr r
2.4. COROLLARY. Let A be an MV-algebra. Then the following are equi¨ -
alent:
 .i A is local and Rad A is retracti¨ e;
 .ii there is a subgroup R9 of R and an abelian l-group G such that
  ..A ( G R9IG, 1, 0 .
Proof. This is by Theorems 2.2 and 2.3.
2.5. PROPOSITION. Let A be a local MV-algebra such that ord A s `
and rank A s n, 1 - n - `. Then there exists an element b g A such that:
 .i ord b s n q 1;
 .  .ii n y 1 b F b*;
 .  :iii kb g A _ Rad A for e¨ery k s 1, 2, . . . , n y 1;
 .  4iv the set 0, b, 2b, . . . , nb is a trans¨ ersal of ArRad A;
 .  .v n y k F kb* for e¨ery k s 0, 1, . . . , n.
 .Proof. As a simple i.e., ideal-free MV-algebra, ArRad A will be
w xisomorphic to a subalgebra of 0, 1 . Since ArRad A has an atom of order
w xn, then by 5, Theorem 3.19 , ArRad A is isomorphic to the finite chain
 .  .  .S n . Let a g w 1rn . First we prove that ord ah* s n q 1 for some
 .h g Rad A. Indeed, we have ord a F n q 1, because na g Rad A *,
 .  .  .na * F a, and n q 1 a G na [ na * s 1. If ord a s n q 1, then
 .  .ord ah* s n q 1 for h s 0. Otherwise, suppose ord a«* s n for every
 .  . « g Rad A. Then we have a* [ « F n y 1 a«* F n y 1 a F n y
.  .  . .1 a k a* s a* [ a n y 1 a. Thus « F a n y 1 a g Rad A for every «
g Rad A, which is impossible. Hence, there is « g Rad A such that0
 U . X U  . .ord a« s n q 1. Set b s a« and b s b9 n n y 1 b9 *. Since0 0
 .brRad A s b9rRad A and b F b9 then ord b s n q 1, which settles i .
 .  .  .  . . .Let us prove ii . Indeed, n y 1 b s n y 1 b9 n n y 1 n y 1 b9 * F
 .  .  .  .n y 1 b9 F n y 1 b9 k b9 * s b*. To prove iii observe that kb G b,
 .  .so kb f Rad A. If kb g Rad A *, then kb [ b G kb [ kb * s 1. This
 .implies k q 1 G n q 1, which is impossible. Hence, kb f Rad A *. Now,
 .  4let us prove iv . Let r, s g 0, 1, . . . , n , r - s. If either r s 0 or s s n,
 .then by iii it follows that rbrRad A / sbrRad A. Suppose now 0 - r -
 .  .  .  .s - n. Then rb sb * [ sb rb * s rb * n s y r b f Rad A. So, also in
 .this case rbrRad A / sbrRad A. This proves iv . If k s 0 or k s n, then
 .  .  .v is trivial. If k s 1 then condition v is the same as ii . To conclude the
 .  . .proof, arguing by induction on k, assume n y k q 1 b F k y 1 b *,
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 .  .with 2 F k F n y 1. From that we draw b* n n y k b F kb *. Since
 .  .trivially b*rRad A s n y 1 brRad A G n y k brRad A, we finally
 .  .obtain condition v from iv together with Lemma 1.9.
2.6. THEOREM. Let A be a local MV-algebra such that ord A s ` and
rank A s n, for some n s 1, 2, 3, . . . . Then A has a good trans¨ ersal.
Proof. Let T be the transversal of ArRad A and A, as given by
 .Proposition 2.5 iv . We are going to show that T is a good transversal. Set
 .tb s b , t s 0, 1, . . . , n. From v of Proposition 2.5, for every h, k suchtr n
U  . .that h q k F n, we have b [ b s hb [ k q h b * s hb kh r n kqh.r n
U .  .kb * s kb * s b .k r n
2.7. COROLLARY. Let A be an MV-algebra and n g Nq. Then the follow-
ing are equi¨ alent:
 .i ord A s ` and rank A s n;
 .ii there exist an abelian l-group G and an element g g G such that
  ..A ( G ZIG, n, g .
Proof. This is by Theorem 2.2 and 2.6.
3. A RETRACTION
Let A be a local MV-algebra and R9 be the subgroup of R isomorphic to
y1 .  :.G ArRad A via the unique isomorphism j . Set G s D Rad A and
  ..  :B s G R9IG, 1, 0 . Let the maps m : ArRad A ª B and n : Rad AA A
 .   . . .ª B be defined by m xrRad A s G j xrRad A , 0 , for every x g A,A
 .  w x.  .  w x.and n « s 0, « , 0 , n «* s 1, 0, « for every « g Rad A. Then bothA A
 :ArRad A and Rad A are jointly embeddable into B. Letting @M
denote coproduct operation in the equational class of MV-algebras see
w x.14 , we have:
3.1. THEOREM. With the abo¨e notations, the following statements are
equi¨ alent:
 .i A ( B;
 .   :4  4.ii @ ArRad A, Rad A ; m , n ( B.M A A
 .  .Proof. i ª ii . Let D be an MV-algebra and w : ArRad A ª D,1
 :w : Rad A ª D homomorphisms. Let us prove that there exists a2
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unique homomorphism F from B in D such that the following diagram
commutes:






 . y1 .  . y1 .  .Define F as F 0, g s w n 0, g ; F 1, g s w n 1, g ; F r, g s2 A 2 A
 y1 . y1 q.. y1 y.. q yw m r, 0 [ w n 0, g w n 1, g where g s g k 0, g s g n 0,1 A 2 A 2 A
r / 0, 1. Trivially F is well defined.
Claim 1. F preserves [. We have to prove that
F r , g [ F s, h s F r , g [ s, h 1 .  .  .  .  . .
 4  4for every r, s g R9 and g, h g G. If r g 0, 1 and s g 0, 1 , then a direct
 .calculation shows that the equality 1 holds. Let us distinguish the
following cases:
Case 1. 0 - r - 1, 0 - s - 1, and 0 - r q s - 1.
Case 2. 0 - r - 1, 0 - s - 1, and r q s ) 1.
Case 3. 0 - r - 1, 0 - s - 1, and r q s s 1.
Case 4. r s 0 and 0 - s - 1.
Case 5. r s 1, 0 - s - 1. In Case 4 we have
F r , g [ F s, h s w my1 r , 0 [ w ny1 0, gq w ny1 1, gy [ .  .  .  .  . .  .1 A 2 A 2 A
[ w my1 s, 0 [ w ny1 0, hq w ny1 1, hy . .  .  . .  .1 A 2 A 2 A
In light of Lemma 1.9, we can safely make the identifications
a with w my1 r , 0 ; .1 A
y1b with w m s, 0 ; .1 A
y1 q« with w n 0, g ; .2 A
y1 yh* with w n 1, g ; .2 A
y1 qs with w n 0, h ; .2 A
y1 yt * with w n 1, h . .2 A
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It follows that
F r , g [ F s, h .  .
s w my1 r q s, 0 [ w ny1 0, gq [ w ny1 0, hq w ny1 1, gy .  .  .  . .  .1 A 2 A 2 A 2 A
w ny1 1, hy . .2 A
s w my1 r q s, 0 [ w ny1 0, gqq hq w ny1 1, gy 1, hy . .  .  .  . . .  .1 A 2 A 2 A
2 .
On the other hand we have
F r , g [ s, h .  . .
s F r q s, g q h n 1, 0 .  . .
s F r q s, g q h .
q yy1 y1 y1s w m r q s, 0 [ w n 0, g q h w n 1, g q h . .  .  . .  . .  .1 A 2 A 2 A
3 .
 .By an application of Lemma 1.8 i , we immediately have the equivalence of
 .  .  .2 and 3 , i.e., 1 holds.
 .  y1 . y1 q.. y1 y..In Case 2, F r, g s w m r, 0 [ w n 0, g w n 1, g and1 A 2 A 2 A
 .  y1 . y1 q.. y1 y..  .F s, h s w m s, 0 [ w n 0, h w n 1, h , so using iv of1 A 2 A 2 A
Lemma 1.7 we have that
F r , g [ F s, h G w my1 r , 0 w ny1 1, gy [ w ny1 0, gq .  .  .  .  .1 A 2 A 2 A
[ w my1 1 y r , 0 [ w ny1 0, yhy .  . 1 A 2 A
[w ny1 0, ygy .2 A
[w ny1 0, hq w ny1 1, hy .  ..  .2 A 2 A
G w my1 1 y r , 0 w ny1 1, gy [ w ny1 0, gq .  .  . .1 A 2 A 2 A
[ w my1 1 y r , 0 . 1 A
[w ny1 0, ygy w ny1 1, ygq s 1. .  ..  .2 A 2 A
 .  ..  .Thus, Case 2 is settled by checking that F r, g [ s, h s F 1, 0 s 1.
 .  .In Case 3, using ii and v of Lemma 1.7 we have
F r , g [ F s, h .  .
s w ny1 1, gy w ny1 1, hy [ w ny1 0, gq [ w ny1 0, hq .  .  .  .2 A 2 A 2 A 2 A
s w ny1 1, gyq hy [ w ny1 0, gqq hq .  .2 A 2 A
s w ny1 1, g q h n 0 . .2 A
COPRODUCT MV-ALGEBRAS 615
yy1s w n 1, g q h s F 1, g q h n 0 .  . . .2 A
s F r , g [ s, h . .  . .
In Case 4 it is easy to check that
F 0, g [ F s, h s w my1 s, 0 w ny1 1, hy [ w ny1 0, g q hq . .  .  .  .  .1 A 2 A 2 A
On the other hand we have
y qy1 y1 y1F s, g q h s w m s, 0 w n 1, g q h [ w n 0, g q h . .  .  .  . .  .1 A 2 A 2 A
 .q y  .y. qFurthermore, since g q h y h s y g q h q g q h , we have
qy1 y1 yw n 0, g q h [ w n 0, yh .  . .2 A 2 A
yy1 y1 qs w n 0, y g q h [ w n 0, g q h . .  . .2 A 2 A
From that, by Lemma 1.8, we have the claimed equality.
 .  ..  .In Case 5 we have that F 1, g [ s, h s F 1, 0 s 1, and using
 .  .  . y1 .Lemma 1.7 iii we also have F 1, g [ F s, h s w n 1, g [2 A
 y1 q. y1 .. y1 y. y1 . y1 .w n 0, h [ w m s, 0 w n 1, h G w n 1, g [ w n 0, yg2 A 1 A 2 A 2 A 2 A
s 1. This completes the proof of Claim 1.
Claim 2. F preserves *.
 .   ..A direct inspection proves that for every r, g g B we have F r, g *
 y1 . y1  q... y1  y..  . .s w m 1yr, 0 w n 1, y g [w n 0,y g and F r, g * s1 A 2 A 2 A
 y1 . y1  .q.. y1  .y.  .w m 1 y r, 0 [ w n 0, yg w n 1, yg . So, by iv of1 A 2 A 2 A
  ..  . .Lemma 1.7, we get F r, g * s F r, g * .
Claim 3. F is uniquely determined.
Assume F9: B ª D is a homomorphism making commutative the above
diagram. Then, the claimed uniqueness follows from the following list of
equalities:
 .  .  y1 .. y1 .  .a F9 0, g s F9 n n 0, g s w n 0, g s F 0, g for every gA A 2 A
G 0;
 .  .  y1 .. y1 .  .b F9 r, 0 s F9 m m r, 0 s w m r, 0 s F r, 0 for everyA A 1 A
0 F r F 1;
 .  .  y1 .. y1 .  .c F9 1, g sF9 n n 1, g sw n 1, g sF 1, g for every g FA A 2 A
0;
 .  .  .  q.. y..  .d F9 r, g s F9 r, 0 [ 0, g 1, g for every r, g g B.
This completes the proof.
As an application of Theorem 3.1 we have a representation theorem for
totally ordered MV-algebras with retractive radical. Indeed, any totally
DI NOLA AND LETTIERI616
w xordered MV-algebra A can be embedded into the MV-algebra * 0, 1
defined over the unit interval of a nonstandard model *R of the additive
 w x.group R of real numbers see 9 . Then, there exist an isomorphism r1
 w x:  :from a subalgebra K of Rad* 0, 1 to Rad A , and an isomorphism r2
w xfrom a subalgebra L of 0, 1 to ArRad A. Hence, we have the following:
3.2. THEOREM. Let A be a totally ordered MV-algebra with retracti¨ e
radical. Then, with the abo¨e notations, we ha¨e that A is isomorphic to
 4  4.@ L, K ; s , s , where s s f (m ( r , s s f (n ( r , and f isM 1 2 1 A 1 2 A 2
an isomorphism from A to B.
Proof. This is by Theorem 3.1.
Let @ denote the coproduct operation in the category A. Then, sinceA
the functor G is a categorical equivalence, an application of Theorem 3.1
yields a formula for coproducts in the category A of abelian l-groups with
strong unit. Indeed, let the homomorphisms i and i be defined by i :1 2 1
 .  .  .  .r g R ª i r s r, 0 g RIG; i : n, g g ZIG ª n, g g RIG,1 2
where G is an abelian l-group. Then, by Theorem 3.1, we have that
@ G R, 1 , G ZIG, 1, 0 , G i , G i ( G RIG, 1, 0 . 4  4 .  .  .  .  . .  . .M 1 2
Hence, by Gy1, we have
 4@ R, 1 , ZIG, 1, 0 ; i , i ( RIG, 1, 0 . 4 .  .  . .  . .A 1 2
4. RIESZ MV-ALGEBRAS
  ..Let G be an abelian l-group and AsG RIG, 1, 0 . Then ArRad A s
w x   ..0, 1 . For each g g G let A s G RIG, 1, g and let w denote theg g
 :  .  .homomorphism from Rad A to A defined by w 0, h s 0, h for everyg g
q  .  . yh g G ; w 1, h s 1, h q g for every h g G . By Theorem 3.1, forg
w xevery homomorphism u : 0, 1 ª A there is a unique homomorphism f :g g g
A ª A making commutative the diagramg
nm AA 6







5 5  y1  ..Let x, y denote p G f x, 0 where p is the second canonical2 y 2
projection of the cartesian product of R by G.
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4.1. DEFINITION. With the above notations, we say that the pair A s
  4 .A, u is a Riesz MV-algebra iff the following conditions hold:g g g G
 .C1 u s m ;0 A
 .  .   ..C2 u r s r, p f r, 0 for every g g G;g 2 g
 .   .. qC3 p w r, 0 G 0 for every g g G ;2 g
 . 5 5 5 5 5 5 5 5C4 a, b, g s a, b , g for every a, b g R and g g G;
 . 5 5 5 5 5 5C5 a, g q g 9 s a, g q a, g 9 for every a g R and g, g 9 g G.
Let RMV denote the class of Riesz MV-algebras. For every A s
  4 .   4 .A, u and B s B, u g RMV, let us agree to call theg g g G h hg H
 .Riesz-morphism for short R-morphism between A and B the unique
homomorphism F making commutative the diagram




3 .F .G f
mB
6 B :Rad B nB
 :.where f is any l-homomorphism from G s D Rad A to H s
 :.D Rad B satisfying the property
5 5 5 5f r , g s r , f g . 4 .  . .
  4 .Let A s A, u g RMV and 1 be the identity of the l-group G.g g g G G
Let the identity morphism of A, in symbols 1 , be the R-morphismA
  4 .   4 .corresponding to 1 , via G. Let A s A, u , B s B, u ,G g g g G h hg H
  4 .C s C, u be Riesz MV-algebras and F : A ª B, F : B ª Ck k g K 1 2
R-morphisms. Let the composition of F and F be the unique homomor-1 2
phism F making commutative the diagram







where f : G ª H, f : H ª K are the l-homomorphisms determining F1 2 1
and F , respectively. We now observe that f f is a map from G to K2 2 1
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 .satisfying 4 . We then obtain:
4.2. PROPOSITION. The class RMV of Riesz MV-algebras with R-mor-
phisms forms a category.
  4 .Let A s A, u be a Riesz MV-algebra. Define in G the externalg g g G
operation m by
5 5r m g s r , g for every r g R and g g G. 5 .
Then we have:
  4 .4.3. THEOREM. Let A s A, u be a Riesz MV-algebra. Theng g g G
 .G, m is a Riesz space o¨er R.
Proof.
 .Claim 1. 1 m g s g and y1 m g s yg for every g g G.
The claim is settled by a direct computation.
 .  .Claim 2. a m b m g s ab m g for every a, b g R and g g G. By
 .  . 5 5 5 5 5 5C4 we have that a m b m g s a m b, g s a, b, g s ab m g.
 .  .  .Claim 3. a m g q g 9 s a m g q a m g 9 for every a g R and g, g 9
 .g G. Using C5 we draw
5 5 5 5 5 5a m g q g 9 s a, g q g 9 s a, g q a, g 9 s a m g q a m g 9 . .  .  .
 .  .  .Claim 4. a q b m g s a m g q b m g for every a, b g R and g g
G.
A direct computation settles our claim.
Claim 5. r m g G 0 for every r g Rq and g g Gq.
 .Let r s n q r 9, where 0 F r 9 - 1 and n g N. Then, using C3 we have
5 5 5 5 5 5 5 5r m g s r , g s n 1, 0 q r 9, 0 , g s n 1, g q r 9, g s ng .  .
qp w r 9, 0 G 0. . .2 g
Let RS denote the category whose objects are the Riesz spaces over R
and whose morphisms are the order-preserving linear maps. Let the map
L transform each G g RS, equipped with the external product =, into the
 .   4 .Riesz MV-algebra L G s A s A, u , where for every g, k g Gg g g G
and r g R
u r s r , r = g and w r , k s r , k q r = g . 5 .  .  .  .  . .g g
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Furthermore, for each morphism t between the Riesz spaces G and H,
 .  .  .define L t : L G ª L H as the unique homomorphism making commu-
tative the diagram




 .L t .G t
mB
6 B :Rad B nB
 .   4 .where, L H s B s B, u .h hg H
4.4. THEOREM. The map L is a functor from RS to RMV.
Proof. This is trivial.
In the light of Theorem 4.2, one has a map X sending RMV objects into
RS objects. For any given morphism C from Riesz MV-algebras, A s
  4 .   4 .  . A, u and B s B, u , upon defining X C s t with t:g g g G h hg H
.G ª H the l-group morphism corresponding to C . We see that t is also a
Riesz space morphism.
4.5. PROPOSITION. X is a functor from RMV to RS.
4.6. THEOREM. The categories RMV and RS are isomorphic.
 .  .Proof. Let G s G, = g RS. We shall prove that L X G s G. It is
obvious that the l-group structures coincide. It is easy to see that also their
Riesz space structures coincide. Indeed, for every r g R and g g G we
5 5   4 .have r m g s r, g s r = g. Furthermore, let A s A, u be a Rieszg g g G
 .   X 4 .MV-algebra, then L X A s A, u . There remains to be provedg g g G
 X 4  4  .that the family u coincides with u . Indeed, u r sg g g G g g g G g
   ...  . w x X  .  .r, p f r, 0 , by C2 , for every r g 0, 1 we have u r s r, r m g s2 g g
 5 5.  .r, r, g s u r .g
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